オツヒヨウ カンスウ オ モツ ユソウ モンダイ ニ タイスル 2ジョウワ タコウシキ カンワ サイテキカ シュホウ ノ リロン ト オウヨウ ノ ツナガリ by 水谷, 友彦 & 山下, 真
Title凹費用関数をもつ輸送問題に対する2乗和多項式緩和 (最適化手法の理論と応用の繋がり)
Author(s)水谷, 友彦; 山下, 真









Kanagawa University Tomohiko Mizutani
2
Tokyo Institue of Technology Makoto Yamashita
[9] [9] (CCTP) 2
(SDP ) $P$
$q$ $\omega$ (1) SDP
$O(( \min\{p, q\})^{\omega-1}),$ $\omega\geq 2$ (2) $\omega$ SDP




$\{1, \ldots, p\}$ $j\in J:=\{1, \ldots, q\}$ $X_{i}j$
: $\mathbb{R}arrow \mathbb{R}$ CCTP
(Q) :
Minimize EE $f_{ij}(x_{ij})$
subject to $\sum_{j\in J}^{i\in I}x_{ij}=j\in ja_{i},$ $i\in I$ , and $\sum_{i\in I}x_{ij}=b_{j},$ $j\in J,$

















CCTP POP Waki SDP
CCTP CCTP
SDP $\omega$
(1) SDP $O(( \min\{p, q\})^{\omega-1}),$ $\omega\geq 2$











$f$ $\mathbb{R}[x]$ $x=(x_{1}, \ldots, x_{n})$ $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$
$x^{\alpha}$
$x_{1}^{\alpha_{1}}\ldots x_{n}^{\alpha_{n}}$
$\mathbb{Z}_{+}^{n}$ $n$ $\mathcal{F}$ $\mathbb{Z}_{+}^{n}$
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$f$ $f$ $supp(f)$ $f$
$\max\{|\alpha|:\alpha\in \mathcal{F}\}$ $\deg(f)$ $|\cdot|$
$\mathcal{G}\subseteq \mathbb{Z}_{+}^{n}$ $\mathbb{R}[x, \mathcal{G}]:=\{f\in \mathbb{R}[x] : supp(f)\subseteq \mathcal{G}\}$ $C\subseteq\{1, \ldots, n\}$
$\mathcal{A}(C)$ $:=\{\alpha\in \mathbb{Z}_{+}^{n}:\alpha_{i}=0 if i\not\in C\}$ $x_{i},$ $i\in C$
$f$ $f\in \mathbb{R}[x, \mathcal{A}(C)]$
$C\subseteq\{1, \ldots, n\}$ $\omega$ $\mathcal{A}^{\omega}(C)$ $:=\{\alpha\in \mathbb{Z}_{+}^{n}:\alpha_{i}=0$ if $i\not\in C$ and $|\alpha|\leq\omega\}$
$\omega$ $f\in \mathbb{R}[x, \mathcal{A}(C)]$ $f\in \mathbb{R}[x, \mathcal{A}^{\omega}(C)]$
$\phi\in \mathbb{R}$ \’ix] $fi,$ $\ldots,$ $f_{r}\in \mathbb{R}[x]$ $\phi=f_{1}^{2}+\cdots+f_{r}^{2}$ $\phi$ SOS
SOS $\phi$ $\Sigma[x]$ SOS $\phi\in \mathbb{R}[x]$
$fi,$
$\ldots,$
$f_{r}\in \mathbb{R}[x, \mathcal{G}]$ $\phi=f_{1}^{2}+\cdots+f_{r}^{2}$ $\Sigma[x, \mathcal{G}]$
SOS $\mathcal{G}\subseteq \mathbb{Z}_{+}^{n}$ $|\mathcal{G}|$
$u(x, \mathcal{G})$ $:=(x_{\alpha}:\alpha\in \mathcal{G})$ $|\mathcal{G}|\cross|\mathcal{G}|$ $M(x, \mathcal{G})$ $:=$
$u(x, \mathcal{G})u^{T}(x, \mathcal{G})$ $|\mathcal{G}|\cross|\mathcal{G}|$ $\mathbb{S}(\mathcal{G})$
$\mathbb{S}_{+}(\mathcal{G})$
$\phi\in\Sigma[x, \mathcal{G}]\Leftrightarrow\exists Y\in \mathbb{S}_{+}(\mathcal{G}), \phi=\langle M(x, \mathcal{G}), Y\rangle$ . (1)
[10, 5] $\langle\cdot,$ $\cdot\rangle$ $X$
$Y$ $\langle X,$ $Y\rangle=tr(XY)$
2 SDP
Waki [11] POP SDP
POP (P)
(P) : $|$ Minimize $f(x)$ subject to $g_{k}(x)\geq 0,$ $k=1,$ $\ldots,$ $m$
$f,$ $g_{1},$ $\ldots,$ $g_{m}\in \mathbb{R}[x]$ (P) $\triangle=$
$\{C_{1}, \ldots, C_{\ell}\}$
1 $C_{1},$ $\ldots,$ $C_{\ell}\subseteq\{1, \ldots, n\}$
1-1. $j=2,$ $\ldots,$ $\ell$ $Ci\supseteq C_{j}\cap(C_{1}\cup C_{2}\cup\cdots\cup C_{j-1})$ $C_{i},$ $i\in\{1, \ldots,j-1\}$
1-2. $f$ $f_{i}\in \mathbb{R}[x, \mathcal{A}(C_{i})]$ $f= \sum_{i=1}^{\ell}f_{i}$







[1] 1-3 $\triangle=\{C_{1}, \ldots, C_{\ell}\}$ $\{K_{1}, \ldots, K_{\ell}\}$ A
POP SDP 1 $\triangle=\{C_{1}, \ldots, C_{\ell}\}$ $\Lambda=$
$\{K_{1}, \ldots, K_{\ell}\}$ $\triangle$ A (P) $L$
$\omega_{0}:=\lceil\deg(f)/2\rceil,$ $\omega_{k}:=$
$\lceil\deg(g_{k})/2\rceil$ SDP $\omega\in \mathbb{N}$ $\omega\geq\max\{\omega_{0},$ $\omega_{1},$ $\ldots$ , $\omega$
$\phi_{ik}\in\Sigma[x, \mathcal{A}^{\omega-\omega_{k}}(C_{i})]$
$L$
$L(x, \phi)=f(x)-\sum_{i=1}^{\ell}\sum_{k\in K_{i}}\phi_{ik}(x)g_{k}(x)$ with $\phi\in\Phi^{\omega}$
$\Phi^{\omega}:=\{(\phi_{ik}:k\in K_{i}, i=1, \ldots, \ell):\phi_{ik}\in\Sigma[x, \mathcal{A}^{\omega-\omega_{k}}(C_{i})]\}$ (P)
Maximize $\eta$ subject to $L(x, \phi)-\eta\geq 0$ for all $x\in \mathbb{R}^{n}$ , and $\phi\in\Phi^{\omega}$ (2)
$L-\eta$ $\mathbb{R}^{n}$
$L-\eta$ SOS $L- \eta=\sum_{i=1}^{\ell}\phi_{i},$ $\phi_{i}\in\Sigma[x, \mathcal{A}^{\omega}(C_{i})]$
Maximize $\eta$ subject to $f(x)- \eta=\sum_{i=1}^{\ell}(\phi_{i}(x)+\sum_{k\in K_{i}}\phi_{ik}(x)g_{k}(x))$ (3)
$L- \eta=\sum_{i=1}^{\ell}\phi_{i}$ $L-\eta$ $\mathbb{R}^{n}$
(2) (3) (3) (P)
(3) (P) ( SOS ) (3)
$\mathcal{M}_{i}:=\{\phi_{i}+\sum_{k\in K_{i}}\phi_{ik}g_{k} :\phi_{i}, \phi_{ik}\in\Sigma[x, \mathcal{A}(C_{i})]\}$ $\mathcal{M}_{i}$
$g_{k},$ $k\in K_{i}$
quadratic module $\mathcal{M}_{i}$ (3)
Maximize $\eta$ subject to $f-\eta\in \mathcal{M}_{1}+\cdots+\mathcal{M}_{\ell}$ (4)
SOS $\phi_{i},$ $\phi_{ij}$ (1)
SOS (3) SDP
$(P^{\omega})$ :






SDP $(P^{\omega})$ SOS (3) $\mathcal{M}_{i}$










$C_{i},$ $i=1,$ $\ldots,$ $\ell$ $\triangle$
SDP (P) $f,$ $g_{k},$ $k=1,$ $\ldots,$ $m$
$C_{i},$ $i=1,$ $\ldots,$ $\ell$
$C=\{1, \ldots, n\}$ 1
Lasserre SDP [7] Waki SDP $\triangle=\{C\}$
$(P^{\omega})$ $(P_{*}^{\omega})$ $(P^{\omega})$ $\zeta(P^{\omega})$ $(P_{*}^{\omega})$ $\zeta(P_{*}^{\omega})$
(P) $\zeta$ (P) $g_{k},$ $k\in K_{i}$ quadratic module
$\mathcal{M}_{i}$ $\omegaarrow\infty$ $\zeta(P^{\omega})$ $\zeta(P_{*}^{\omega})$ $\zeta$
2 $\mathcal{M}_{i},$ $i=1,$ $\ldots,$ $l$ $i=1,$ $\ldots,$ $l$ $\theta_{i}-$
$\sum_{j\in C_{t}}x_{j}^{2}\in \mathcal{M}_{i}$ $\theta_{i}$
1 ([3, 8]) 1 2 $\lim_{\omegaarrow\infty}\zeta(P^{\omega})=\lim_{\omegaarrow\infty}\zeta(P_{*}^{\omega})=\zeta$
1 (P) $(P^{\omega})$ $\omega$






subject to $g_{k}(x)\geq 0,$ $k=1,$ $\ldots,$ $m$ , (5)
$0\leq x_{j}\leq a_{j}, j=1, \ldots, n$
$f$ $n$ 2 $f\in \mathbb{R}[x],$ $\deg(f)=2$ $g_{k},$ $k=1,$ $\ldots,$ $m$ $n$ 1
$g_{k}\in \mathbb{R}[x],$ $\deg(g_{k})=1$ (5) 1 $\triangle=\{C_{1}, \ldots, C_{\ell}\}$
(5) $Xj\geq 0,$ $aj-x_{j}\geq 0$
Minimize $f(x)$
subject to $g_{k}(x)\geq 0,$ $k=1,$ $\ldots,$ $m$ , (6)
$h_{j}^{\ell}(x)\geq 0$ and $h_{j}^{u}(x)\geq 0,$ $j\in C_{i},$ $i=1,$ $\ldots,$ $\ell$
$h_{j}^{\ell}(x)$ $:=x_{j }h_{j}^{u}(x)$ $:=a_{j}-x_{j}$
$\triangle=\{C_{1}, \ldots, C_{\ell}\}$ $\Lambda=\{K_{1}, \ldots, K_{\ell}\}$ $g_{k},$ $k\in K_{i }$
$h_{j}^{\ell},$ $h_{j}^{u},$ $j\in C_{i}$ quadratic module
$\mathcal{M}_{i}=\{\phi_{i}+\sum_{k\in K_{i}}\phi_{ik}g_{k}+\sum_{j\in C_{i}}\phi_{i_{J}’}^{\ell}h_{j}^{\ell}+\sum_{j\in C_{i}}\phi_{ij}^{u}h_{j}^{u}:\phi_{i}\in\Sigma[x, \mathcal{A}^{\omega}(C_{i})], \phi_{ik}, \phi_{ij}^{\ell}, \phi_{ij}^{u}\in\Sigma[x, \mathcal{A}^{\omega-1}(C_{i})]\}$
(7)
(6) SOS
Maximize $\eta$ subject to $f-\eta\in \mathcal{M}_{1}+\cdots+\mathcal{M}_{\ell}$
(6) SDP
$(P^{\omega})$
$1QP$ (6) SDP $(P^{\omega})$
1-1. ([9] Lemma 2) quadratic module $\mathcal{M}_{i},$ $i=1,$ $\ldots,$ $\ell(7)$
1-2. ([9] Lemma 3) (6) $\omega$
$(P^{\omega})$ $(P_{*}^{\omega})$






1-1. $a_{i},$ $b_{j}>0,$ $i\in I,$ $j\in J$






$\{\begin{array}{l}\sum x_{ij}=a_{i}, i\in I,\sum_{i\in I}^{j\in J}x_{ij}=b_{j}, j\in J\end{array}$ (8)
$x=$ $(x_{ij} :i\in I, i\in J)\in \mathbb{R}^{pq}$ $y=(y_{ij} :i\in I, j\in J)\in \mathbb{R}^{pq}$
$\{\begin{array}{ll}x_{ij}=y_{ij}-y_{i,j+1}, i\in I, j\in J\backslash \{q\},x_{iq}=y_{l}’q i\in I\end{array}$ (9)
$y_{ij}=x_{ij}+\cdots+x_{iq}, i\in I, j\in J$
(8)
$\{\begin{array}{ll}y_{i1}=a_{i}, i\in I,\sum_{i\in I}(y_{\’{i} j}-y_{i,j+1})=b_{j}, j\in J\backslash \{q\}, and \sum_{i\in I}y_{iq}=b_{q}\end{array}$
2 $\overline{b}_{j}:=\sum_{k=}^{q}b$ $\sum_{i\in I}y_{ij}=\overline{b}_{j},$ $i\in J$
(8)
$\{\begin{array}{ll}y_{i1}=a_{i}, i\in I,\sum_{i\in I}y_{ij}=\overline{b}_{j}, j\in J\end{array}$ (10)
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(10) (10) $y=(y_{ij} :i\in I, j\in J)\in \mathbb{R}^{pq}$
$z=$ $(z_{ji}:i\in I, i\in J)\in \mathbb{R}^{pq}$
$\{\begin{array}{ll}y_{ij}=z_{ji}-z_{j,i+1}, i\in I\backslash \{p\}, j\in J,y_{pj}=z_{jp}, j\in J\end{array}$ (11)
$\{\begin{array}{ll}z_{1i}-z_{1,i+1}=a_{i}, i\in I\backslash \{p\}, and z_{1p}=a_{p},z_{j1}=\overline{b}_{j}, j\in J\end{array}$
1 $\overline{a}_{i};=\sum_{k=i}^{p}a_{k}$ $z_{1i}=\overline{a}_{i},$ $i\in I$
(10)
$\{\begin{array}{l}z_{1i}=\overline{a}_{i}, i\in I,z_{j1}=\overline{b}_{j}, j\in J\end{array}$ (12)
(8) (12)




subject to $z_{j1}=\overline{b}_{j},$ $j\in J$, (13)
$z_{1i}=\overline{a}_{i}, i\in I,$
$u_{ji}(z)\geq 0, j\in J, i\in I$
(13) $z_{ji}$ $\sum_{j\in J}x_{ij}=a_{i}$ , $x_{ij}\geq 0$ $y_{ij}$
$0\leq y_{ij}\leq a_{i}$






subject to $v_{ji}(z)\geq 0,$ $j\in J,$ $i\in I,$ (14)
$0\leq z_{ji}\leq\delta_{ji}, j\in J’, i\in I’$
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$\ovalbox{\tt\small REJECT}$ $\delta_{ji}>\overline{a}_{i}$ $v_{ji}(z)$
$v_{ji}(z);=\{\begin{array}{ll}z_{(1,1)}+c, j=1, i=1,-z_{(j-1,1)}+z_{(j,1)}+b_{j}, j\in J’\backslash \{1\}, i=1,-z_{(1,i-1)}+z_{(1,i)}+a_{i}, j=1 i\in I’\backslash \{1\},(z-z)-(z-z) , j\in J’\backslash \{1\}, i\in I’\backslash \{1\},-z_{(1,p-1)}+a_{p}, j=1, i=p,z_{(j-1,p-1)}-z_{(j,p-1)}, j\in J’\backslash \{1\}, i=p,-z_{(q-1,1)}+b_{q}, j=q, i=1,z_{(q-1,i-1)}-z_{(q-1,i)}, j=q, i\in I’\backslash \{1\},z_{(q-1,p-1)}, j=q, i=p\end{array}$
$c:=\overline{a}_{1}-\overline{a}_{2}-b_{2 }J’:=\{1, \ldots, q-1\}$ $I’:=\{1, \ldots,p-1\}$ (Q)
(14) (Q) (14)
(9) (11)
(14) $\mathcal{V}$ $\delta_{ji}$ $\delta_{ji}>\overline{a}_{i}$ $\mathcal{V}$








(R): $|$ Minimize $\sum_{j\in J}\sum_{i\in I}\mu_{ij}v_{ji}^{2}(z)+\nu_{ij}$ subject to
$z\in \mathcal{V}$
(R) $C_{ji}$ $\triangle=\{C_{\dot{j}i}:i\in J", i\in I"\}$
$C_{ji}=\{(j, i), (j+1,i), \ldots, (q-1, i), (1, i+1), (2, i+1), \ldots, (j+1, i+1)\}$
C $\triangle=\sim\{\tilde{C}_{ji} :j\in J", i\in I"\}$
$\tilde{C}_{ji}=\{(j, i), (j, i+1), \ldots, (j,p-1), (j+1,1), (j+1,2), \ldots, (j+1, i+1)\}$
$|C_{ji}|=q+1$ and $|\tilde{C}_{ji}|=p+1$ $J”$ $J”:=\{1, \ldots, q-2\}$
$I”$ $I”:=\{1, \ldots,p-2\}$
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3 ([9] Lemma 5) $\triangle=\{C_{ji}:j\in J", i\in I"\}$ $\triangle=\sim\{\tilde{C}_{ji} : j\in J", i\in I"\}$
1
$\triangle^{O}$ $q\geq p$ $\triangle^{o}=\triangle$ $\triangle^{o}=$ $\triangle^{o}$
(R) (6) (R) $\triangle^{o}$
SDP $(R^{\omega})$ $(R_{*}^{\omega})$ 3
$\triangle^{o}$ 1 1-1 (R) 2
(R) SDP $(R^{\omega})$
1 2 (R)
1-2 $(R^{\omega})$ $\zeta(R^{\omega})$ $(R_{*}^{\omega})$ $\zeta(R_{*}^{\omega})$
(R) $\zeta$
2 ([9] Proposition 1) $\omega$ $\zeta(R^{\omega})=\zeta(R_{*}^{\omega})$
$\lim_{\omegaarrow\infty}\zeta(R^{\omega})=\lim_{\omegaarrow\infty}\zeta(R_{*}^{\omega})=\zeta$
$| \triangle^{o}|=\min\{q+1, p+1\}$ 1-3 $(R^{\omega})$
$\omega\geq 2$
$(\begin{array}{lllll}\min\{p+1 q +1\}+ \omega -1\omega -1 \end{array})=O((\min\{p, q\})^{\omega-1})$
$P$ $q$ CCTP SDP
$(p, q)=(5,200)$ $(p, q)=(10,100)$ CCTP
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